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The plate-gap model of porous enzyme doped electrode has been proposed and
analyzed. It was suggested that reaction diffusion conditions in pores of bulk elec-
trode resemble particular conditions in thin gap between parallel conducting plates. The
model is based on the diffusion equations containing a nonlinear term related to the
Michaelis–Menten kinetic of the enzymatic reaction inside gap. Steady state current
was calculated for the wide range of given parameters and substrate concentrations. All
dependences of current on substrate concentration were approximated by hyperbolas
in order to obtain “apparent” parameters (maximal currents and apparent Michaelis
constants) of modelled biosensors. Simple approximate relationships between given and
apparent parameters were derived. The applicability of theoretical plate-gap model was
tested for the case of carbon paste electrodes which were doped with PQQ – dependent
glucose dehydrogenase. It was found, that soluble glucose dehydrogenase based biosen-
sors exhibit characteristic features of the theoretical plate-gap biosensors.

KEY WORDS: reaction–diffusion, modelling, amperometric biosensors, carbon, PQQ-
dependent dehydrogenase

1. Introduction

The most widely used type of biosensors are amperometric biosensors [1].
Mathematical modelling is often a useful tool in optimizing the performance of
these biosensors [2–7]. Analysis of data by appropriate model can enable us to
find out how the response of a particular system can be improved. Amperomet-
ric biosensor measures the faradaic current that arises on a working electrode
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by electrochemical oxidation or reduction of the products of the biochemical
reaction [1–8]. Working electrode is considered to be a complex device consisting
of the conducting electrode (metal, carbon, or carbon paste) coated with a bio-
chemical film [1]. Such definitions suggest planar structure of working electrode
which is considered in most known to date mathematical models of amperomet-
ric biosensors [2–7]. It should be noted, that these approaches omit a specific
but also widely used in practice class of “non-planar” biosensors, that are based
on bulk modification of entire electrode material, e.g. enzyme modified porous
carbon electrodes [8]. The dimensionality of such electrodes is rarely taken into
account. As an exceptional case, the simulations of carbon fibre microelectrodes
could be mentioned [9].

The aim of present work was computer simulation of steady state currents
at enzyme modified screen printed porous electrode under specific to this sys-
tem reaction–diffusion conditions. Dependences of the catalytic current on con-
centration of substrates of enzymatic reaction represent theoretical calibration
curves of the modelled amperometric biosensor. Sets of theoretical calibra-
tion curves enable to obtain specific to porous electrode “apparent param-
eters” (Michaelis constants and maximal currents) characterizing amperometric
biosensor as an analytical device [10]. The final goal of this work was verification
of the proposed model by comparison of theoretical and experimental responses
for biosensors based on PQQ-dependent glucose dehydrogenases.

2. Materials and methods

Carbon black (CB) was synthesized from carbon monoxide during the
Boudouard’s reaction on the Fe catalyst [11]:

2CO(g) − (Fe(k)) → C(gr) + CO2(g)

followed by subsequent purification with HCl [12].
The protocol of CBs: C1 and C2 modification consisted of nine technological

operations. Objectives of using these operations can be divided into three blocks:

(a) delamination of graphite structure carried out using H2SO4 (C1), KOH
(C1, C2), and H3BO3 (C1, C2) [13];

(b) tailoring of functional groups carried out in the presence of HNO3

(C2), Br2 + Fe (C1), H2O2 (C1)and N2H4·2HCl (C2) [14];

(c) modification of particle shape carried out by melting with Zn (C1) and
S (C2) [15].

The CB samples were tested microscopically, using an optical microscope
LEITZ, and an atomic force microscope Digital Instruments NanoScope III.
The average diameter of carbon particles was ∼20 nm (C1) and ∼100 nm (C2).
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The screen-printed carbon electrodes (CE) were designed as described
previously [16]. Aiming to prepare CE with different roughness, carbon sam-
ples C1 and C2 were mixed in following ratios: 100:0; 75:25; 50:50; 25:75 and
0:100. Further all of these mixed carbon examples were used for CE preparation
in similar way. Two types of PQQ-glucose dehydrogenases: intracellular soluble
glucose dehydrogenase (s-GDH) L.M.D. 79.41 from Acinetobacter calcoacetics
purified according to the known protocol [17] (specific activity 1568 U/mg) and
the membrane-bound enzyme (m-GDH) (EC1.1.99.17) purified from Erwinia sp.
34-1 [18] (specific activity 12 U/mg) were immobilized on the electrode (working
area 0.125 cm2) by adsorption of 3 µl of enzyme solution for 30 min. The layer
of an immobilized enzyme was covered with semi-permeable terrylene film.

All electrochemical measurements were performed using a conventional
three-electrode system containing screen-printed carbon electrode as the work-
ing electrode, a platinum wire as the counter and an Ag/AgCl in saturated KCl
as reference electrodes. Steady state currents of biosensors were recorded on the
polarographic analyzer PGZ 402 (Radiometer Analytical, France).

About 0.05 M acetate buffer (pH 6.0) containing 1 mM of Ca2+ was used
as a default buffer. All inorganic reagents were of analytical reagent grade
and organic reagents were suitable for electron microscopy. Bidistilled and
ultra-filtered water was obtained using a “Purator Bi” (Glas Keramic, Berlin,
Germany).

Dependences of experimentally measured steady state currents (I) on con-
centrations of substrates of enzymatic reactions (S) were fitted by hypherbolic
functions:

I = I app
maxS/(K

app
M + S), (1)

where I
app
max and K

app
M are parameters characterizing action of enzymatic biosen-

sors [10].

3. Plate-gap model of enzyme doped porous electrode

During an enzyme-catalyzed reaction

S
E−→ P (2)

the substrate S is converted to product P. In the simplest case, when the diffu-
sion of substrate as well as product molecules is neglected and steady-state con-
ditions are assumed for the enzyme reaction, the mathematical expression of
enzyme kinetics is given by Michaelis–Menten equation:

ν = dP

dt
= −dS

dt
= VmaxS

KM + S
, (3)
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where ν = ν(S) is the rate enzymatic reaction, Vmax is the maximal enzymatic
rate attainable with that amount of enzyme, when the enzyme is fully saturated
with substrate, KM is the Michaelis constant, and t is time.

Let’s try to model the reaction–diffusion processes in porous electrode. One
can suggest two key features of enzyme doped porous electrode. First, enzyme
activity is gradually dispersed in the volume of porous electrode. Second, the dis-
tances between enzymatic reaction sites and conducting walls of porous electrode
are as short as an average radius of pores. Taking into account these evident fea-
tures of enzyme modified porous electrode one can suggest the simple plate-gap
model for this reaction–diffusion system. In this physical model enzyme activity
is uniformly dispersed in the gap between two parallel conducting plates.

To formulate the corresponding mathematical model we assume the sym-
metrical geometry of the electrode and uniform distribution of the immobilized
enzyme. This allows formulating the model in two spatial dimensions (figure.
1). The dynamics of the considered biosensor system can be described by the
reaction-diffusion system

∂S

∂t
= Df

(
∂2S

∂x2
+ ∂2S

∂y2

)
− VmaxS

KM + S
, 0 < x < dx, 0 < y < dy, 0 < t � T , (4)

∂P

∂t
= Df

(
∂2P

∂x2
+ ∂2P

∂y2

)
+ VmaxS

KM + S
, 0 < x < dx, 0 < y < dy, 0 < t � T , (5)

where S = S (x , y, t) is the substrate concentration, P = P(x, y, t) is concentra-
tion of the reaction product, Df is the diffusion coefficient of substrate in the
gap, dx is depth of gap; 2dy is gap width; T is full time of biosensor operation
to be analyzed.

The operation of biosensor starts when some substrate appears over the
surface of enzyme layer. This is used in the initial conditions (t = 0)

S(dx, y, 0) = S0, 0 � y � dy, (6)

S(x, y, 0) = 0, 0 � x < dx, 0 � y � dy, (7)

Figure 1. The profile of the biosensor electrode.
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P(x, y, 0) = 0, 0 � x � dx, 0 � y � dy, (8)

where S0 is the concentration of substrate in the bulk solution.
The boundary conditions (0 < t � T) are

S(dx, y, t) = S0, 0 � y � dy, (9)

P(dx, y, t) = 0, 0 � y � dy, (10)

P(0, y, t) = 0, 0 � y � dy, (11)

P(x, dy, t) = 0, 0 � x � dx, (12)

∂S(t, x, y)

∂x

∣∣∣∣
x=0

= 0, 0 � y � dy, (13)

∂S(t, x, y)

∂y

∣∣∣∣
y=dy

= 0, 0 � x � dx, (14)

∂S(t, x, y)

∂y

∣∣∣∣
y=0

= 0, 0 � x � dx, (15)

∂P (t, x, y)

∂y

∣∣∣∣
y=0

= 0, 0 � x � dx. (16)

The current is measured as a response of biosensor in a physical experi-
ment. The current depends upon the flux of reaction product at the electrode
surface (x = 0, 0 � y � dy and y = dy , 0 � x � dx). Consequently, a density
I(t) of the current at time t is proportional to the concentration gradient of the
product at the surface of the electrode as described by Faraday’s law:

I (t) = neFDf

(∫ dy

0

∂P

∂x

∣∣∣∣
x=0

dy +
∫ dx

0

∂P

∂y

∣∣∣∣
y=dy

dx

)
, (17)

where ne is number of electrons involved is a charge transfer at the electrode sur-
face, and F is Faraday constant, F ≈ 9.65×105 C/mol.

4. Digital simulation

The following values of the parameters were constant in the numerical sim-
ulation of all the experiments

Df = 10−6cm2/s, dx = 5 · 10−3cm, ne = 2. (18)

Numerical solution of the model was evaluated for different values of the param-
eters Vmax(10−8, 2.5·10−8, 5·10−8, 7.5·10−8, 10−7 mol/cm3s), KM(10−7, 2.5·10−7,
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Figure 2. Theoretical dependences of steady state currens on concentration of substrate for differ-
ent values of gap width (points). Given parameters: KM = 1 mM,Vmax= 0.1 mM/s. Corresponding
approximations by hyperbolas as well as numerical values of apparent parameter Kapp

M are presented.

5·10−7, 7.5·10−7, 10−6, 2.5·10−6, 5·10−6, 7.5·10−6, 10−5 mol/cm3), 2dy (10−5,
5·10−5, 10−4, 5·10−4, 10−3 cm). Steady state currents were calculated for modelled
biosensors responding to various substrate concentrations S0 (10−7, 2.5·10−7,
5·10−7, 10−6, 2.5·10−6, 5·10−6, 10−5 mol/cm3). Values of all selected parameters
are of the orders that are typical for real amperometric biosensors. Data of cal-
culations are presented in convenient for biochemical research dimensions: milli-
moles per litre (mM) for substrate concentrations and mM/s for maximal rates.

Theoretical response-time curves of biosensors for different values of gap
width are exemplified in figure 2. According to expectations, higher volume of
enzyme filled gap resulted in higher currents. Each curve was approximated by
hyperbolas and apparent K app

M of modelled amperometric biosensor were calcu-
lated (figure 2). It could be noticed, that, first, apparent Michaelis constants are
higher than given parameter KM, and, second, these apparent constants are inde-
pendent on gap width, when gap is thin. These features are characteristic to all
sets of parameters Vmax and KM (data not shown). Therefore, in further numer-
ical simulations we assumed constant gap width ( 2dy = 10−4 cm).

In figures 3–5 numerical values of steady state currents are plotted against
concentration of substrate for different values of parameters KM and Vmax. As
can be seen on these figures, each calibration curve fairly well can be approx-
imated by hyperbolas. Therefore we were able to plot relationships between
“apparent” and given parameters for the families of calibration curves.
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Figure 3. Theoretical (points) and approximated by hyperbolas responses of plate-gap electrode for
different values of Vmax. Given parameters: KM = 0.1 mM, dy = 10−4cm.

In figure 6 numerical values of apparent maximal current of biosensors
(I app

max) are plotted against parameter Vmax for different parameters KM. It can be
seen on this figure that I app

max is linearly dependent on Vmax and is practically inde-
pendent on KM. Therefore, apparent maximal current can be regarded as a mea-
sure of maximal rate of enzymatic reaction inside gap.

Figure 7 shows curves of dimensionless parameter K app
M /KM as a function

of Vmax for different parameters KM. All these curves were approximated by
straight lines (y = a + bx) with parameter a approximately equal to 1.0. Corre-
sponding slope of these straight lines b is approximately proportional to inverse
of given parameter KM (figure 8). All these observations can be summarized in
simple set of approximate equations, describing relationships between given and
“apparent” parameters of plate-gap enzymatic electrode:

I app
max ≈ C1Vmax, (19)

K app
M /KM ≈ 1 + C2Vmax/KM, (20)

where C1 and C2 are constants.

5. Experimental verification of mathematical model

Theoretically, if plate-gap model of working electrode is valid for a particular
type of biosensor, one can expect that apparent Michaelis constants are not
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Figure 4. Theoretical (points) and approximated by hyperbolas responses of plate-gap electrode for
different values of Vmax. Given parameters:KM = 1 mM, dy = 10−4cm.
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Figure 5. Theoretical (points) and approximated by hyperbolas responses of plate-gap electrode for
different values of Vmax. Given parameters: KM = 10 mM, dy = 10−4cm.
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Figure 8. Slope of straight lines shown in figure 7 as a function of 1/KM.

dependent on the gap width or diameters of pores in porous electrodes. Exper-
imentally, these diameters were varied by changing proportion of carbons (C1
and C2) in carbon pastes. The dependences of apparent Michaelis constants on
composition of carbon paste are shown in figure 9. It can be seen on this figure,
that K app

M for biosensors based on soluble GDH is practically independent on
the roughness of the paste. Contrary to expectation, apparent Michaelis constant
for insoluble GDH based biosensors rise sharply with increasing roughness of
the paste. Moreover, biocatalytic currents are not detectable for these electrodes
when concentration of rough fraction exceeds 25%. It means, that both enzymes
possess different sorption behaviour on carbon paste electrodes as was recently
shown [19].

Plate-gap model predict linear relationship between apparent parameters of
biosensors (K app

M and I app
max). The couples of these parameters were experimentally

obtained by changing concentration of soluble GDH and by aging of biosensors.
As can be seen in figure 10, there is close to linear correlation between apparent
parameters for these biosensors. Presumably, a soluble enzyme is uniformly dis-
persed in a bulk of electrode and obeys conditions for suggested model.

6. Conclusions

The reaction diffusion conditions in carbon paste electrodes were modelled.
Two-dimensional plate-gap model of enzyme doped electrode (4)–(17) allows to
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Figure 9. Dependences of apparent Michaelis constants of GDH based biosensors on composition
of carbon paste. Concentration of enzyme in doping solution was 10 g/l.
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calculate steady state currents for the wide range of given parameters (figures. 2–
5). Theoretical calibration curves of modelled biosensors can be readily approx-
imated by hyperbolas (figure 2–5) in order to obtain apparent parameters which
are legitimated in practical experimentation. Relationships between apparent and
given parameters are close to linear (figure 6–8). Simple set of approximate rela-
tionships between apparent and given parameters (19–20) indicates that apparent
maximal current is a measure of maximal rate of enzymatic reaction and appar-
ent Michaelis constant is a measure of linear combination between given Micha-
elis constant and given maximal rate. Consequent linear relationship between
apparent parameters can be readily tested for real electrodes like was done for
the case of PQQ-dependent glucose dehydrogenase modified carbon paste work-
ing electrodes (figure 10).
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